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ABSTRACT 
This paper proposes a cavity method, based on a f i r s t  
o rder  perturbation theory, for  the measurement  of plasma density 
and electron collision frequency. Effects of fringing fields around 
a finite plasma column a r e  considered, making it possible to 
remove the restr ic t ion that cavity dimension be much la rger  than 
the diameter  of a c i rcu lar  cylindrical plasma tube. This greatly 
reduces the s ize  of the cavity used normally for plasma diagnostics, 
and provides longitudinal resoulution along the plasma column. 
Theory was experimentally verified with measurements  on standard 
dielectric mater ials  and on discharge plasmas whose electron 
density data were  checked with Lagmuir probes. 
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Modi f i ed  T h e o r y  f o r  C a v i t y  P e r t u r b a t i o n  
Measurement of  Plasma P a r a m e t e r s  
Y .  S. Yeh and W .  A .  Sax ton  
I N T R O D U C T I O N  
One o f  t h e  common ways t o  d e t e r m i n e  t h e  e l e c t r o n  
d e n s i t y  and e f f e c t i v e  e l e c t r o n - n e u t r a l  c o l l i s i o n  f r e q u e n c y  
o f  a gaseous  p lasma i s  t o  measure t h e  p e r t u r b a t i o n s  o f  a  
microwave c a v i t y  due t o  t h e  p r e s e n c e  of  t h e  plasma w i t h i n  
t h e  c a v i t y  .' I n  t h i s  t e c h n i q u e  t h e  p la sma ,  u s u a l l y  bounded 
by a g l a s s  d i s c h a r g e  t u b e ,  i s  i n s e r t e d  i n t o  a c a v i t y  whose 
r e s o n a n c e  f r e q u e n c y  and bandwidth a r e  known be fo rehand .  
When t h e  p lasma a p p e a r s ,  t h e  r e s o n a n c e  f r equency  and band- 
w i d t h  a r e  p e r t u r b e d  and t a k e  on new v a l u e s  which depend on 
t h e  p l a s m a ' s  g e o m e t r i c a l  c o n f i g u r a t i o n ,  i t s  p h y s i c a l  o r i e n t a -  
t i o n  w i t h i n  t h e  c a v i t y ,  t h e  shape  and d imens ions  of  t h e  
c a v i t y ,  and t h e  d i s t r i b u t i o n  o f  t h e  RF f i e l d s  w i t h i n  i t .  2 
Based upon t h e  a s sumpt ion  t h a t  t h e  plasma i s  a  w e l l - d e s c r i b e d  
d i e l e c t r i c  w i t h  a  r e l a t i v e  d i e l e c t r i c  c o n s t a n t  and l o s s  t a n -  
g e n t  dependent  on t h e  plasma and c o l l i s i o n  f r e q u e n c i e s ,  t h e  
d i f f e r e n c e s  be1;ween t h e  r e s o n a n t  f r e q u e n c i e s  and bandwid ths ,  
w i t h  and w i t h o u t  t h e  plasma p r e s e n t ,  a r e  used t o  c s l c u l a t e  
t h e  e l e c t r o n  d e n s i t y  and c o l l i s i o n  f r e q u e n c i e s .  
S i n c e  many l a b o r a t o r y  d i s c h a r g e  t u b e s  a r e  c i r c u l a r  
c y l i n d r i c a l  i n  s h a p e ,  i t  i s  c o n v e n i e n t  t o  choose a  c i r c u l a r  
c y l i n d r i c a l  c a v i t y  geometry .  I f  t h e  d i a m e t e r  of  t h e  d i s c h a r g e  
t u b e  i s  much s m a l l e r  t h a n  t h e  d i a m e t e r  o f  t h e  c a v i t y ,  and 
f i e l d  f r i n g i n g  a t  t h e  h o l e s  on t h e  f a c e s  o f  t h e  c a v i t y  
t h r o u g h  which t h e  t u b e  i s  i n s e r t e d  i s  n e g l i g i b l e ,  i t  i s  
u s u a l l y  p o s s i b l e  t o  g e t  a  r e l a t i v e l y  good measure o f  t h e  plasma':; 
e q u i v a l e n t  d i e l e c t r i c  c o n s t a n t  and l o s s  t a n g e n t .  A t  b e s t ,  though,  
one g e t s  a n  a v e r a g e  measure o f  t h e  d i s c h a r g e  p a r a m e t e r s ,  s i n c e  
e l e c t r o n  d i s t r i b u t i o n s  i n  b o t h  t h e  r a d i a l  and a x i a l  d i r e c t i o n s  
a r e  u s u a l l y  a  m a t t e r  f o r  s p e c u l a t i o n .  
There  a r e ,  however,  s i t u a t i o n s  i n  which t h e  d i s c h a r g e  
h a s  a l a r g e  d i a m e t e r  compared t o  p r a c t i c a l  c a v i t y  d imens ions ,  
p r o t r u d e s  from h o l e s  i n  t h e  c a v i t y  where s i z a b l e  f r i n g i n g  f i e l d s  
a r e  p roduced ,  and i s  n o t  a x i a l l y  uni form a s  i n  t h e  u s u a l  d i s -  
charge . '  I n  t h i s  c a s e ,  i f  one were t o  u s e  a c i r c u l a r  c y l i n d r i -  
c a l  c a v i t y  i t  would have t o  be  u n u s u a l l y  l a l>ge  t o  app ly  t h e  
u s u a l  c a v i t y  p e r t u r b a t i o n  t h e o r y ,  w i t h  r e sonance  f r e q u e n c i e s  
which would p robab ly  be t o o  low f o r  t h e  r a n g e  o f  plasma f r e -  
q u e n c i e s  encoun te red ;  and,  s t i l l ,  a x i a l  r e s o l u t i o n  of t h e  
plasma p r o p e r t i e s  would be  a lmos t  i m p o s s i b l e  s i n c e  s o  much of  
t h e  d i s c h a r g e  would be  i n s i d e  t h e  c a v i t y .  
One s o l u t i o n  t o  t h e  problem of  d i a g n o s i n g  a  d i s c h a r g e  
w i t h  t h e s e  c h a r a c t e r i s t i c s  i s  t o  c o n s t r u c t  a  ve ry  long  r e c -  
t a n g u l a r  c a v i t y  whose c r o s s  s e c t i o n  h a s  a  r e l a t i v e l y  s m a l l  
d imension  paral .Le1 t o  t h e  a x i s  o f  t h e  d i s c h a r g e  t u b e .  A s  l o n ~  
as t h e  c a v i t y  i s  narrow compared t o  t h e  length of  the discharge 
i t  will s e r v e  t o  r e s o l v e  a x i a l  variations, The o t h e r  d imens ions  
can  b e  a d j u s t e d  a c c o r d i n g  t o  t h e  d e s i r e d  r a n g e  o f  r e s o n a n c e  
f r e q u e n c i e s  and bandwid ths ;  b u t ,  more o f t e n  t h a n  n o t ,  i t  w i l l  
b e  i m p o s s i b l e  t o  a v o i d  a s i t u a t i o n  i n  which t h e  d i s c h a r g e  t u b e  
d i a m e t e r  i s  comparable  t o ,  and n o t  much l e s s  t h a n ,  a t  l e a s t  
one o f  t h e s e  d imens ions  and /o r  t h e  c a v i t y  w i d t h .  I n  t h i s  c a s e ,  
f r i n g i n g  a t  t h e  h o l e s  becomes more complex, as i f  t h e  f i e l d s  
t h e r e  were  n o t  a l r e a d y  g r e a t l y  d i s t u r b e d  from t h e i r  d i s t r i b u -  
t i o n s  i n  t h e  t o t a l l y  c l o s e d  u n p e r t u r b e d  c a v i t y  on which t h e  
c o n v e n t i o n a l  p e r t u r b a t i o n  t h e o r y  i s  b a s e d .  
T h i s  p a p e r  a n a l y z e s  t h e  c a v i t y  p e r t u r b a t i o n  method 
f o r  a t h i n  r e c t a n g u l a r  c a v i t y  w i t h  a l a r g e  p lasma t u b e  pro-  
t r u d i n g  f rom b o t h  o f  i t s  s i d e s .  Modi f i ed  t h e o r y  i s  deve loped  
f o r  a g e n e r a l  p lasma column i n  which t h e  g r o s s  d i s t u r b a n c e s  
of t h e  f i e l d s  a t  t h e  h o l e s  a r e  t a k e n  i n t o  a c c o u n t  as w e l l  a s  
t h e  f a c t  t h a t  c e r t a i n  c a v i t y  d imens ions  a r e  comparable  t o  
and even  s m a l l e r  t h a n  t h e  p lasma column. A r e c t a n g u l a r  c a v i t y  
which i s  s m a l l e r  o v e r a l l  t h a n  a c i r c u l a r  c y l i n d r i c a l  c a v i t y  
w i t h  t h e  same r a n g e  o f  r e s o n a n c e  f r equency  and bandwidth was 
c o n s t r u c t e d .  E x p e r i m e n t a l  d a t a  were  t a k e n  on d i e l e c t r i c  con- 
s t a n t  and  l o s s  t a n g e n t  f o r  s e v e r a l  sample l i q u i d  and s o l i d  
d i e l e c t r i c s .  T h i s  d a t a  c o r r o b o r a t e d  t h e  t h e o r e t i c a l  p r e d i c -  
t i o n s  b a s e d  on t h e  m o d i f i e d  t l e o r y  and i n d i c a t e d  t h e  a p p l i c a -  
b i l i t y  o f  t h i s  g e n e r a l  approach  t o  a c t u a l  p l a smas .  Plasma 
measurements were then performed which yielded data on electron 
densities that agreed with separate measurements using L a n g m u i r  
probes. 
EXPERIMENTAL SETUP 
The r e c t a n g u l a r  c a v i t y  was c o n s t r u c t e d  from 1 / 8  i n c h  
t h i c k  copper  s h e e t  as shown i n  F i g u r e  1. Holes  a t  t h e  c e n t e r  
o f  t h e  t o p  and bo t tom mate t o  c i r c u l a r  brass " e a r s , "  5 . 0 8  cm 
i n  l e n g t h ,  t h a t  f u n c t i o n  a s  c i r c u l a r  waveguides f o r  which t h e  
l o w e s t  c u t - o f f  f r e q u e n c y  i s  3600 MHz f o r  t h e  TMOl mode. S i n c e  
t h e  p l a n n e d  o p e r a t i n g  f r e q u e n c y  was i n  t h e  500-1000 MHz r a n g e ,  
t h e  waves i n  t h e  c i r c u l a r  g u i d e s  a r e  a t t e n u a t e d  more t h a n  
30 db b e f o r e  t h e y  r e a c h  t h e  open end o f  t h e  g u i d e s .  A s  a 
r e s u l t ,  t h e  e a r  may b e  c o n s i d e r e d  a s  a n  i n l ' i n i t e l y  l o n g  c l o s e d  
s t r u c t u r e  which p r e v e n t s  any r a d i a t i o n  from t h e  r e c t n a g u l a r  
c a v i t y  i t s e l f  i n t o  f r e e  s p a c e .  T h i s  a l l o w s  one t o  i n s e r t  a 
plasma d i s c h a r g e  t u b e ,  o r  a  c o n v e n t i o n a l  d i e l e c t r i c  r o d ,  o f  
any l e n g t h  i n t o  t h e  e a r - c a v i t y  combina t ion .  Even though t h e  
p lasma o r  d i e l e c t r i c  c y l i n d e r  would p r o t r u d e  from t h e  c a v i t y ,  
t h e  c h a r a c t e r i s t i c s  o f  t h a t  p a r t  o f  t h e  medlum w i t h i n  t h e  
c a v i t y  may b e  d e t e r m i n e d ,  a s  w i l l  b e  shown s u b s e q u e n t l y .  
An R F  c o u p l i n g  l o o p ,  3  i n c h e s  i n  d i a m e t e r ,  was con- 
n e c t e d  t o  t h e  c e n t e r  p a r t  of  a n  N-type c o n n e c t o r  and s o l d e r e d  
t o  e a c h  end p l a t e  ( F i g u r e  2 ) .  The l o o p  was o r i e n t e d  t o  e x c i t e  
o r  d e t e c t  TE modes. C a v i t y  ends  were i d e n t i z a l  and i n t e r -  
changeab le  s o  t h a t  b o t h  cou ld  b e  used  f o r  e x c i t a t i o n  o r  
d e t e c t i o n .  
FIG. I RECTANGULAR CAVITY WITH PROTRUDING 
METALLIC EARS 
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F IG.  2 O R I E N T A T I O N  OF EXCITING/RECEIVING LOOPS 
The plasma t u b e  was made c; f  P y r e x  g l a s s  whose iiistc'i~ 
and o u t s i d e  d i a m e t e r s  we re  5 . 9  and 6,35 emS r e s p e c t i v e l y .  I t  
c o n t a i n e d  a  h o t  c a t h o d e  d i s c h a r g e  i n  a r g o n  a t  a p r e s s u r e  o f  
1 t o r r .  
I n p u t  RF t o  t h e  c a v i t y  was p r o v i d e d  by a  s t a b l e ,  
c o n t i n u o u s l y  t u n a b l e  CW s i g n a l  g e n e r a t o r  which was c o n s t a n t l y  
m o n i t o r e d  on a Hewle t t -Packard  5 2 4 ~  f r e q u e n c y  c o u n t e r .  C a v i t y  
o u t p u t  was f e d  t h r o u g h  a 9 db p a d ,  a  c a l i b r a t e d  v a r i a b l e  
a t t e n u a t o r ,  a 6 db p a d ,  a c r y s t a l  d i o d e  m o d u l a t o r ,  a n  a u d i o  
a m p l i f i e r  and a  t u n e d  v o l t m e t e r ,  i n  t h a t  o r d e r .  
DETERMINATION OF ELECTRON DENSITY 
Resonance f r e q u e n c y  s h i f t s  i n  t h e  m o d i f i e d  c a v i t y  
due t o  t h e  p r e s e n c e  and t h e  a b s e n c e  o f  t h e  sample c o n s i s t  of  
two p a r t s .  E s t i n  and ~ u s s e ~ ~  p o i n t e d  o u t  t h a t  i n  such  a  c a s e  
t h e r e  would b e  a f r e q u e n c y  p u l l i n g  e f f e c t  caused  by t h e  e a r ,  
and a  p e r t u r b a t i o n  r e s u l t i n g  from t h e  e f f e c t  o f  t h e  d i e l e c t r i c  
m a t e r i a l  i t s e l f .  
The r e c t a n g u l a r  c a v i t y  was o p e r a t e d  i n  TE modes, 
~ O P  
w i t h  measurements  made f o r  p  = 3,  5,  7 and 9. R e f e r r i n g  t o  
t h e  c o o r d i n a t e s  o f  F i g u r e  1, t h e  f i e l d  d i s t r i b u t i o n ,  t h e  
n a t u r a l  f r e q u e n c y  f ,  and t h e  s t o r e d  ene rgy  W o  f o r  a  normal  
r e c t a n g u l a r  c a v i t y  a r e  g i v e n  by 5 
ITX p.rrz E  = E o s i n  s i n  
Y 
L. 
- T X  
~ ~ - - j r -  O c o s  sin 
ri 2a a d 
where Eo i s  a c o n s t a n t ,  q i s  t h e  f r e e  s p a c e  wave impedance ,  
and  X i s  t h e  w a v e l e n g t h .  
F o r  a c l o s e d  c a v i t y ,  t h e  p r e s e n c e  of  t h e  p l a sma  
t u b e  r e s u l t s  i n  a c a v i t y  r e s o n a n c e  f r e q u e n c y  p e r t u r b a t i o n  6fl 
g i v e n  by 
where v '  i s  t h e  volume o c c u p i e d  by t h e  t u b e ,  c r  i s  t h e  r e a l  
p a r t  o f  t h e  d i e l e c t r i c  c o n s t a n t  o f  t h e  p l a s m a .  Here ,  one 
u s u a l l y  assumes  t h a t  E  i s  t h a t  g i v e n  by E q u a t i o n  (1).  
Y 
C o n s i d e r  now t h i s  c l o s e d  c a v i t y  i s  deformed s u c h  
t h a t  t h e  e a r  i s  p roduced  by p u l l i n g  a  c y l i n d r i c a l  d i s c  s e c t i o n  
o f  t h e  c a v i t y  w a l l ,  w i t h  t h e  d i a m e t e r  o f  t h e  h o l e ,  t o  i n f i n i t y  
a g a i n s t  t h e  t i m e  a v e r a g e  e l e c t r o m a g n e t i c  s t r e s s  
2 E 1 * - p H )/4 on t h e  d i s c ,  a s  i n d i c a t e d  i n  F i g u r e  3. 
T h i s  a c t i o n  c a u s e s  change i n  s t o r e d  e n e r g y  a n d  hence  shift 
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FIG. 3 POSITION OF PLASMA TUBE WITHIN ONE OF THE 
CAV I T Y ' S  EAR-  HOLE ASSEMBLIES 
in r e s o n a n c e  f r e q u e n c y ,  It i s  t h e  c o m b i n a t i o n  o f  t h i s  f r e -  
quency change  and that of  E q u a t i o n  ( 6 )  w h i c h  g i v e s  t h e  
measu red  f r e q u e n c y  s h i f t  i n  t h e  a c t u a l  measurement .  According 
t o  t h e  r e s o n a t o r  r e a c t o r  theore rnY6  t h e  f r equency  p u l l i n g  
e f f e c t  o f  t h e  e a r  i s ,  
where f2 and w a r e  t h e  change i n  r e s o n a n c e  f r e q u e n c y  and 
s t o r e d  e n e r g y ,  r e s p e c t i v e l y .  
The change i n  s t o r e d  ene rgy  i n  t h e  p r o c e s s  of p r o -  
d u c i n g  t h e  e a r  i s  o b t a i n e d  from t h e  work done on t h e  sys t em 
o r  e x t r a c t e d  from i t .  T h i s  i s  o b t a i n e d  i f  we approx ima te  
t h e  f i e l d  d i s t r i b u t i o n  i n  t h ?  e a r  by one t h a t  would b e  
e x c i t e d  by t h e  o r i g i n a l  e l e c 2 r i c  f i e l d  a t  t h e  e a r  c a v i t y  
i n t e r f a c e .  A t  t h e  i n t e r f a c e ,  E i s  f a i r l y  c o n s t a n t ;  
Y 
Us ing  c y l i n d r i c a l  c o o r d i n a t e s  a t  t h e  c e n t e r  o f  t h e  h o l e  
( F i g u r e  l ) ,  
E = E o -  2 
Y 
Eop c o s  2$ . 
(9) 
This is a field d i s t r i b u t i o n  which w i l l  e x c i t e  
T M ~  rn and TM2, modes in the ear if it is free space. 
The electron density distribution is radially 
nonuni form,  and  i s  approx ima ted  by 
where 
Jo  i s  t h e  B e s s e l  f u n c t i o n  o f  z e r o t h  o r d e r  
n  i s  t h e  e l e c t r o n  d e n s i t y  a t  t h e  c e n t e r  o f  t h e  t u b e  
0 
k i s  g i v e n  by 2.405/b 
The complex d i e l e c t r i c  c o n s t a n t  i s  
where 
v i s  t h e  c o l l i s i o n  f r e q u e n c y  
w i s  t h e  microwave a n g u l a r  f r equency  
E q u a t i o n  ( 1 1 )  can  b e  r e w r i t t e n  as 
where 
S i n c e  t h e  e x c i t a t i o n  f i e l d  E h a s  a n  e x t r e m e l y  small  
Y 
component w i t h  @ v a r i a t i o n ,  t h e  f i e l d  e x c i t e d  i n  t h e  c i r c u l a r  
c y l i n d r i c a l  wave g u i d e  c o u l d  be  p r e d o m i n a t e l y  o f  t h e  TMOm 
I I 
t y p e .  F o r  a s o l u t i o n  o f  t h e  form E = ~ ( p  )e-YY , w e  have Y 
where 
2 2  k2  = w p c  = k: - koan . 
E q u a t i o n  ( 1 4 )  can  b e  r e w r i t t e n  as 
- - 
2 2 a R ( p )  + h R ( p )  = akonR(p)  
P a~ 
where 
F o r  a = 0, i . e . ,  w i t h o u t  p l a s m a ,  t h e  g e n e r a l  s o l u t i o n s  are 
t h e  wel l -known mode f u n c t i o n s ,  J o( Am" )With Am's g i v e n  by 
J o ( A m R )  = 0 , ' a n d  R i s  t h e  r a d i u s  o f  t h e  e a r ,  
I n  t h e  p r e s e n c e  o f  t h e  p l a sma ,  t h e  e i g e n v a l u e s  
and t h e  e i g e n f u n c t i o n s  a r e  m o d i f i e d .  I n  o r d e r  t o  a p p l y  t h e  
p e r t u r b a t i o n  t h e o r y ,  we must show t h a t  t h e  r i g h t - h a n d  s i d e  
2  
of E q u a t i o n  ( 1 5 )  i s  much s m a l l e r  t h a n  X , The s m a l l e s t  
2 h 2  i s  ( 2 . 4 0 5 / ~ ) ~  = 2. l /cm . F o r  a n  e l e c t r o n  d e n s i t y  of 
1011 e l e c t r o n s / c c  and a n  o p e r a t i n g  f r equency  of 886 m H z ,  
i . e . ,  TE109 mode o f  t h e  c a v i t y ,  t h e  r i g h t - h a n d  s i d e  i s  
0 .36  J o ( k p ) / ( l - j v / w )  and i s  i n d e e d  much s m a l l e r .  The f i r s t  
o r d e r  p e r t u r b a t i o n  theory?  t a k i n g  o n l y  t h r e e  t e rms  f o r  t h e  
a p p r o x i m a t i o n  o f  $, y i e l d s  t ,he f o l l o w i n g  m o d i f i e d  e i g e n v a l u e s  
and e i g e n f u n c t i o n s ,  
where j o ( h i p )  i s  t h e  normal i zed  B e s s e l  f u n c t i o n  s u c h  that 
Without  t h e  p r e s e n c e  o f  t h e  p lasma,  t h e  a x i a l  
I 
e l e c t r i c  f i e l d  E i n  t h e  c u t o f f  waveguide can  be  approximated  
Y 
I 
The e x p a n s i o n  c o e f f i c i e n t s  a r e  g i v e n  by match ing  E t o  t h a t  Y 
of  E q u a t i o n  ( 9 )  a t  t h e  i n t e r f a c e ,  i . e . ,  y = 0 .  
The energy added to the system in producing both ears, 
referring to Figure 3, is 
I1 
The axial field E in the presence of the plasma is 
Y 
where 
The energy added to the system is: 
The ' d i f f e r e n c e  i s  
Here we have  n e g l e c t e d  t e r m s  f rom b  t o  b 1  and  b '  t o  R b e c a u s e  
t h e  r a n g e s  a r e  much l e s s  t h a n  0  t o  b .  F u r t h e r m o r e ,  t h e  d i f -  
f e r e n c e  be tween  E q u a t i o n s  ( 2 9 )  and  ( 3 0 )  t e n d s  t o  c a n c e l  e a c h  
o t h e r .  The i n t e g r a t i o n  o f  / E l  l 2  , n ( p )  [E; 1 2 ,  and  l E l 2 l  c a n  
Y Y 
b e  c a r r i e d  o u t .  To b e  c o n s i s t e n t  w i t h  t h e  f i r s t  o r d e r  p e r -  
t u r b a t i o n ,  a l l  t h e  h i g h e r  o r d e r  t e r m s ,  i . e . ,  t e r m s  i n v o l v i n g  
u2 a n d  u p ,  a r e  n e g l e c t e d  i n  t h e s e  t h r e e  i n t e g r a l s ;  t h u s  w e  
o b t a i n  
w h e r e  
where k # i or j. 
where k # i or j. 
The d i f f e r e n c e  in resonant f r e q u e n c y  b e t w e e n  plasma 
and f r e e  space  due to this ea r  p u l l l n g  e f f e c t  is 
Equation (6), while expressed in terms of a, is, 
where 
The measured f'requency shift is the combinat;ion of Equa- 
tion (33) and (341, 
Substituting Equation (32) into (35) and replacing Wo by 
Equation (5), we obtain the following quadratic equation 
for \ 
We can  now d e t e r m i n e  a r  f rom t h e  measured f r e q u e n c y  s h i f t .  
A s  a t y p i c a l  example,  f o r  TE 109 mode, n u m e r i c a l  c a l c u l a t i o n  
shows t h a t  E q u a t i o n  ( 3 6 )  becomes 
To check t h e  convergence  of  t h e  t h r e e  t e r m  a p p r o x i m a t i o n  o f  
ljl a s  i n  E q u a t i o n s  (18 )  t h r o u g h  (2O) ,  we empl.oy o n l y  two t e rms  
t o  e v a l u a t e  E q u a t i o n  ( 3 6 ) .  The r e s u l t a n t  e q u a t i o n  i s  
I t  i s  t h e r e f o r e  c l e a r  t h a t  t h r e e  t e r m  a p p r o x i m a t i o n  a l r e a d y  
y i e l d s  convergen t  r e s u l t s .  
a is related to electron density no by 
r 
I n  c a s e  o f  small c o l l i s i o n  l o s s ,  t h e  e l e c t r o n  d e n s i t y  can  be 
d i r e c t l y  e v a l u a t e d  by n e g l e c t i n g  v 2  i n  E q u a t i o n  (39). I f  v 
i s  a p p r e c i a b l e  i n  compar ison  t o  w, we must  o b t a i n  v f i r s t .  
T h i s  i s  d e s c r i b e d  i n  t h e  n e x t  s e c t i o n .  
DETERMINATION OF COLLISION FREQUENCY 
R e f e r r i n g  t o  E q u a t i o n  ( 1 3 ) ,  t h e  complex d i e l e c t r i c  
c o n s t a n t  of  t h e  p lasma c a n  b e  e x p r e s s e d  by 
where 
Cons ide r  naw t h a t  t h e  c a v i t y  i s  composed of  the  c a v i t y  i t s e l f  
and t h e  two e a r s .  The f i e l d  d i s t r i b u t i o n  i n  t h i s  a r rangement  
i s  E and H and i s  d i f f e r e n t  from t h a t  of t h e  closed cavity. 
O r d i n a r y  c a v i t y  p e r t u r b a t i o n  t h e o r y  leads t o  t h e  f o l l o w i n g  
r e l a t i o n s ,  
where 
v '  i s  t h e  volume o c c u p i e d  by t h e  p lasma t u b e  
v  i s  t h e  t o t a l  volume o f  t h e  c a v i t y - e a r  c o n f i g u r a t i o n  
6f i s  t h e  r e s o n a n c e  f r e q u e n c y  s h i f t  
Q and  Qo i s  t h e  Q f a c t o r  f o r  p lasma and f r e e  s p a c e ,  
X-espect ively 
f i s  t h e  r e s o n a n c e  f r e q u e n c y  of  t h e  c a v i t y  
I t  i s  n o t i c e d  t h a t  E, - E = - E a n  and o/w = E0ain, t h e r e f o r e  
o o  r 
t h e  i n t e g r a l s  i n  E q u a t i o n s  ( 4 1 )  and ( 4 2 )  c a n  b e  e l i m i n a t e d  t o  
o b t a i n  
E q u a t i o n  ( 4 3 )  now y i e l d s  v  and  c a n  b e  u s e d  i n  E q u a t i o n  ( 3 9 )  
t o  o b t a i n  no .  
COMPARISON OF EXPERIMENTAL RESULTS 
We f i r s t  checked  t h e  v a l i d i t y  o f  t h i s  m o d i f i e d  
t h e o r y  b y  p e r f o r m i n g  measurements  on d i e l e c t r i c  m a t e r i a l s  
w i t h  known d i e l e c t r i c  c o n s t a n t s  and  l o s s  t a n g e n t s .  It i s  
q u i t e  o b v i o u s  t h a t  t h e  o n l y  m o d i f i c a t i o n  r e q u i r e d  i s  t o  
change t h e  d e n s i t y  f u n c t i o n  n ( p )  t o  n ( p )  = 1. The measure-  
ment r e s u l t s  and  t h e  s t a n d a r d  v a l u e s  are  compared i n  
T a b l e  I .  
E l e c t r o n  d e n s i t y  and t h e  c o l l i s i o n  f r e q u e n c y  f o r  
v a r i o u s  d i s c h a r g e  c u r r e n t s  were  measu red ,  u s i n g  t h e  TE 109  
mode w i t h  f = 886 MHz. The c o l l i s i o n  f r e q u e n c y  v a r i e d  
s l i g h t l y  a round  3800 MHz, which y i e l d e d  a  ( v /w ) *  o f  a b o u t  
0 .45 .  Measured e l e c t r o n  d e n s i t y  compared t c  some o f  t h e  
Langmuir p r o b e  measurements  a p p e a r  i n  F i g u r e  4 .  
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A r o c l o r  1242 2  
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Y 
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